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2
Section A (24 marks)

1 A raindrop of mass m falls vertically from rest under gravity. Initially the mass of the raindrop is m,,.
As it falls it loses mass by evaporation at a rate Am, where A is a constant. Its motion is modelled
by assuming that the evaporation produces no resultant force on the raindrop. The velocity of the
raindrop is v at time . The forces on the raindrop are its weight and a resistance force of magnitude
kmv, where k is a constant.

(i) Find m in terms of m,, A and r. [2]

(i) Write down the equation of motion of the raindrop. Solve this differential equation and hence
show that v = %(e“‘k)’ - 1). [8]

(iii) Find the velocity of the raindrop when it has lost half of its initial mass. [2]

2 A small ring of mass m can slide freely along a fixed smooth horizontal rod. A light elastic string of
natural length a and stiffness & has one end attached to a point A on the rod and the other end attached
to the ring. An identical elastic string has one end attached to the ring and the other end attached to a
point B which is a distance a vertically above the rod and a horizontal distance 2a from the point A.
The displacement of the ring from the vertical line through B is x, as shown in Fig. 2.

B

rin
& rod

2a

Fig. 2

(i) Find an expression for V, the potential energy of the system when 0 < x < a, and show that

dv kax
— =2kx—ka - ———. [S]
dx Va* + x>

2

d v
(ii) Show that E is always positive. [4]

(iii) Show that there is a position of equilibrium with %a < Xx < a. State, with a reason, whether it is
stable or unstable. [31
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Section B (48 marks)

3 A car of mass 800kg moves horizontally in a straight line with speed vms™' at time ¢ seconds.

While v < 20, the power developed by the engine is 8v* W. The total resistance force on the car is of
magnitude 8v> N. Initially v = 2 and the car is at a point O. At time ¢ s the displacement from O is x m.

(i) Find v in terms of x and show that when v = 20, x = 1001n 1.9. [10]
(ii) Find the relationship between ¢ and x, and show that when v = 20, ¢ ~ 19.2. [6]
The driving force is removed at the instant when v reaches 20.
(iii) For the subsequent motion, find v in terms of #. Calculate # when v = 2. [8]

4  In this question you may assume without proof the standard results in Examination Formulae and
Tables (MF2) for

¢ the moment of inertia of a disc about an axis through its centre perpendicular to the disc,
¢ the position of the centre of mass of a solid uniform cone.

Fig. 4 shows a uniform cone of radius a and height 2a, with its axis of symmetry on the x-axis and
its vertex at the origin. A thin slice through the cone parallel to the base is at a distance x from the
vertex.

» <

(2a, a)
(x, y)

Fig. 4
The slice is taken to be a thin uniform disc of mass m.

(i) Write down the moment of inertia of the disc about the x-axis. Hence show that the moment of
inertia of the disc about the y-axis is %mxz. [6]
(ii) Hence show by integration that the moment of inertia of the cone about the y-axis is %Maz,
where M is the mass of the cone. [ You may assume without proof the formula for the volume of
a cone.] [8]

The cone is now suspended so that it can rotate freely about a fixed, horizontal axis through its vertex.
The axis of symmetry of the cone moves in a vertical plane perpendicular to the axis of rotation. The
cone is released from rest when its axis of symmetry is at an acute angle o to the downward vertical.
At time ¢, the angle the axis of symmetry makes with the downward vertical is 6.

. 20
(iii) Use an energy method to show that 0 = % (cos 6 —cos o). [5]

(iv) Hence, or otherwise, show that if « is small the cone performs approximate simple harmonic
motion and find the period. [S]
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Examiners’ Reports — June 2011

4764: Mechanics 4

General Comments

In general the performance of the candidates was very good. As in recent sessions, the
standards of presentation and communication were high, though some candidates failed
to include necessary detail when establishing given answers.

Comments on Individual Questions

1 (Variable mass — evaporating raindrop)

(iif)

Many candidates treated dm as a function of m instead of ¢, leading them to m

as a linear instead of exponential function of t. Candidates who took the time to
integrate carefully almost always found the correct expression.

This was generally not well answered. Many candidates used F = ma, treating m
as a constant, rather than F = %(mv) . However, most candidates separated
variables and integrated accurately from their differential equation.

Nearly all candidates stated that m = m,, though some were not able to use the
relationship to eliminate t.

2 (Equilibrium)

(iif)

This was well answered by the maijority of the candidates. Some did not give
sufficient detail to earn the final mark.

Most candidates earned the first two marks of this part and many took the time to
2

simplify their expression for 3—\2 before considering its sign.
X

2
Very few candidates gave good attempts at showing that (;—\g is positive, with
X

many manipulating inequalities incorrectly or failing to give sufficient detail.

While most candidates knew that a position of equilibrium required cii—V:O, many
X

assumed that the value of x had to be found and attempted to solve the resulting
equation, not realising that it was not easily soluble and that a change of sign
approach was all that was necessary.

Almost all the candidates correctly identified the equilibrium as stable.
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3

(Variable Force)

This question was answered well by most candidates. The use of different forms of
Newton'’s second law for different contexts was well understood. In parts (i) and (iii) the
question specifically asks for expressions for v in terms of x and t respectively; many
candidates failed to give the required form and simply showed the given numerical
answer.

(i)

(iif)

The application of Newton’s second law was well done; very few candidates used
power instead of force.

Most then proceeded to separate the variables and integrate using partial
fractions and were able to show that x = 100In1.9 accurately.

Again, this was answered well. Full marks were awarded more often here than in
(i) and (iii) because the requested relationship did not require rearrangement.
However, a minority of candidates found v in terms of ¢t and could only be
awarded 4 out of 6.

This was generally well answered. The change in force was understood and the
resulting integral found accurately. Some candidates changed f to be the time
after the driving force was removed; one mark was withheld in this case.

(Rotation — moments of inertia and dynamics)

(iif)

(iv)

Most candidates gave working that led to the given answer, but the detail of the
perpendicular axes theorem was often lacking.

This was not well answered by many candidates. Many candidates found the
integral of | = %mx2 instead of carefully considering the sum of the moments of
inertia of slices of the cone. Candidates that worked in terms of p and

substituted at the end often failed to give enough detail for a given answer; those
that worked in terms of M having already made the substitution were more
successful.

This was well answered by those candidates that attempted it, with good
derivation of the various terms. Many different approaches were seen involving
energy considerations.

The idea of this seemed to be understood well by the stronger candidates and

the techniques applied accurately. Some interesting approaches were seen using
the small angle approximation for cosine before differentiating.
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